Introduction.
The concept of the product of two graphs [l, p. 23] has application in the theory of games and the theory of automata. Weichsel [2] deduced a necessary and sufficient condition for the product of two connected undirected graphs to be connected; he further proves that the product graph, if not connected, has exactly two components. In this paper we deduce the corresponding results for directed graphs, namely that if Gx, G2, • ■ ■ , Gr are strongly connected directed graphs then G1XG2X 2. Definitions. We define a directed graph G to be a set of nodes N(G) and a set of edges E(G), the elements of E(G) being ordered pairs (p, q) with p, qEN.
We write p=>q if (p, q)EE.
We define a path (P of G as a finite sequence {pi}, (OuiUn, ra^l) such that pi =>pi+x, (O^i^n -l). We define n((P) =n, the number of edges in (P and write (P(p, q) lor a path with po -p, pn -qBy pE<? we mean (P is the path {pi} and for some i, pi = pWe write p->q il either p = q or there is a path (P(p, q). We say p, q are strongly connected if p->q and q->p. This is clearly an equivalence relation ; we define a component C of G to be a subgraph whose nodes, N(C), are just the nodes in an equivalence class with respect to this relation and whose edges are those edges (p, q) of G with p, qEN(C).
We say G is strongly connected if each pair of nodes of G are strongly connected.
If 6>x(pi, p2) and (P2(p2, £3) are paths of G, we define (Pi + (P2 to be the path (Pzipi, pz) obtained by concatenating the sequences of nodes in (Pi and (P2. This sum is clearly associative and n((?z) =n((?x) +n((P2).
(ii) E(GXH)={((pu qi), (pt, q2))\(pi, p2)EE(G) and (qu q2) EE(H)}.
It may be readily seen that the adjacency matrix of GXH is just the Kronecker product of the adjacency matrices of G and H. Since the product is clearly associative we may define unambiguously G1XG2X • • • XGr.
3. Preliminary lemmas. Proof. Since G is strongly connected there is a path (Pz(q, p). Then (Pi + 6>3 and (P2 + (P3 are cycles; hence ei(G)|w((P¿ + (P3) =w((P¿)+w((P3), (¿=1,2). The result of the lemma now follows.
Let G be a strongly connected graph and let Zd be the ring of residue classes mod e¿ = e¿(G). We may define a function/:
NiG)-*Zd as follows: choose some node po of G. Then for any pENiG) define f(p) =ni(?ipo, p)) for any path (Pipo, p). Since G is strongly connected there is some such path and Lemma 1 ensures that fip) is single valued.
Lemma 2. Let G be a strongly connected graph and f be defined as above. Then for any path ®ip, q), n(<P)^fp) -fq) (mod ¿(G)). Then there exists some Q with dr\n(Q). Let this be Cr+i; we now have dr>dr+i.
Since {dT} is a strictly monotonically decreasing sequence it must reach d in a finite number of steps.
Lemma 4. Let G be a strongly connected graph; let d = d(G). Let pi, p2EN(G). Then there is an integer no such that for all «>«0 there is a path ®(px, p2) with (1) n((?) =nd+f(p2)-f(px). (ii) The number of components of GXH is d3. Therefore, since d3|di, d2, (7) /e(i') -foip) = /ir(i') -hiq) (mod d3).
Conversely, if (7) is satisfied, let «i be a value of w0 satisfying the conclusions of Lemma 4 for G, £, £'; let n2 be defined similarly for H, q, q'. Let a, b be integers such that adi -bd2 = di. Let hip) -hiq) -hip') + hiq') Hence (Pi = {pi} and (P2=: {g¿} are paths of the same length and so {(pi, 2»)} is a path of GXH whose end-nodes are just ip, q) and (p', q'), i.e., (p, q)^(p', q') in GXH.
(ii) Let l(p, q)=fûip) -fiiiq), reduced mod d3. Then, by (i), nodes ip, q) and ip', q') are strongly connected if and only if l(p, q) =l(p', q'). For any residue x (mod dz) there is certainly some node (p, q) with l(p, q)=x. Hence the number of components of GXH is just dz, each component consisting of just these nodes with the same value of lip, q). Similarly the lengths of paths (?(q, q') in H consist of all but a finite number of the integers (10) nd2 +fuiq') ~ fniq) for n > 0.
The integers common to the arithmetic series (9) and (10) form an arithmetic series of difference Z? = Icm(di, d2). Hence the lengths of paths (?((p, q), (p', q')) in C consist of all but a finite number of the integers of this series; but applying Lemmas 1 and 4 to GXH the lengths of these paths consist of all but a finite number of the integers nd(C)+fc(p',q')-fcip,q), (n > 0). Bibliography
